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Abstract 
This survey paper presents ome analytical tools for determining the existence of a blow-up solution for a wide class 
of nonlinear Volterra integral equations. The related phenomenon of quenching has also been investigated using similar 
techniques. In both cases, lower and upper bound estimates for the critical time, as well as asymptotic solution behavior 
in the key limit are established. This paper surveys recent results in the analysis of such problems and proposes problems 
for future study. (~) 1998 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
While there is a substantial history in the study of nonlinear partial differential equations with 
blow-up solutions, only relatively recently have blow-up solutions been considered within the context 
of nonlinear integral equations. Some of the researchers in this newer area include W.E. Olmstead, 
D.G. Lasseigne, K. Deng, K. Fuller, W. Mydlarczyk, P. Bushell and W. Okraskinski, as well as the 
author. 
The equations under consideration are nonlinear Volterra equations of the second kind with sin- 
gular difference kernels. The overriding objective is to investigate the phenomena of explosion and, 
more recently, quenching, within a diffusive medium. Typically, the solution represents he temper- 
ature or some other measure of the evolving thermal properties of the underlying physical problem. 
For explosion problems, we seek to determine conditions under which we are guaranteed existence 
of a unique solution that becomes unbounded in finite time. In the case of quenching, the solution 
remains bounded, whereas the first time derivative becomes unbounded (again, in finite time). 
The results draw heavily on the theory of functional and asymptotic analysis. We have not done 
any numerical investigations. Recently, H. Brunner, C. Bandle and others have begun numerical 
investigations for this class of Volterra equations [2, 5]. 
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For each problem that has been examined, the goal has been to determine: 
(1) Sufficient conditions to ensure existence of a solution singularity, 
(2) Analytical and numerical estimates for the critical time to the onset of the solution singularity, 
(3) The asymptotic behavior of the solution in the key limit. 
These integral equations arise in models of explosive behavior in diffusive media and thus have a 
natural connection to the theory of nonlinear partial differential equations (PDEs). In applications, 
the solution can describe a variety of processes, including such things as solid fuel combustion. 
In some such problems, nonlinearities are located on a boundary or appear as spatially localized 
source terms in the PDE. An example of the latter would be motivated, for example, by combustion 
applications where ignition occurs within a very confined area (e.g. from an internal electrode 
energy stimulation within a flame or on a heated surface). Another such example arises in shear 
band formation, where material failure resulting from conditions of high strain rates is predicated 
by the formation of localized shear bands and a concomitant release of large amounts of thermal 
energy. 
When explosion occurs within a diffusive medium, the system undergoes dramatic hange - -  the 
solution becomes unbounded in finite time. Studies of explosion have been conducted on theoretical 
models that are originally presented as nonlinear PDEs. When the nonlinearity is applied to the 
boundary of the PDE, there is a direct connection to nonlinear VIEs with blow-up solutions. 
Most previous PDE research as required a nonlinear source term to be either spatially independent 
or spatially dependent in a smooth manner. As will be shown below, one connection between PDEs 
and VIEs with blow-up solutions lies in the consideration of PDEs with highly spatially localized 
nonlinearities. In these cases, conversion of the theoretical models from PDEs to VIEs represents a 
very effective format for the analysis. This reformulation permits a more direct and efficient inquiry 
into the challenging situation of spatially localized nonlinear behavior. 
This paper will be organized as follows. Section 2 describes the class of integral equations 
under consideration and Section 3 describes the strategy underlying the theoretical results on the 
characterization f blow-up. Section 4 illustrates the connection to nonlinear PDEs. Section 5 is a 
survey of results for these VIEs. Section 6 discusses recent work examining the phenomenon of
quenching for equations in this class. Finally, Section 7 states some open problems. 
2. The class of equations 
We examine a class of nonlinear Volterra equations motivated by certain models of a diffusive 
medium that can experience xplosive behavior. We consider solutions u(t) to the equation 
u(t)= Tu( t ) -  k(t -s)G[u(s),slds, t>~O. (1) 
In general, the nonlinearity is permitted to have the form 
G[u(t), t] = r(t)g[u(¢) + h(t)]. (2) 
Typical in explosion models, the nonlinear dependence of the solution, g(u), is positive and increas- 
ing. Two common forms for g(u) include a power-law or Arrhenius-type exponential function. The 
given nontrivial functions r(t) and h(t) are allowed to enhance the explosive behavior by being 
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nondecreasing. The function h(t), generally related to the initial data in applications, is taken to 
satisfy 0 <h0 <<,h(t)~<h~ < oo. Moreover, the kernel is taken to be nonnegative and decreasing. The 
kernel is generally continuously differentiable, xcept possibly for endpoint discontinuities. These 
assumptions are consistent with applications. 
The key to characterizing the solution of these VIEs is understanding the interaction under the 
integral sign. The growing nonlinearity is in competition with the decreasing kernel. In the applica- 
tions described above, the nonlinearity corresponds to the source term that is pumping energy into 
the system, whereas the kernel, which corresponds to the Green's function for the linear parabolic 
PDE, is related to the diffusive nature of the system. 
3. Basic results 
The basic theory described here can be read about in more detail in [40]. Asymptotic results can 
be found in [38, 39, 41]. Results hinge on the properties of the kernel and the nonlinearity. To 
this end, results are in presented terms of two functions, I(t) and x, which contain the appropriate 
characterization f the kernel and the nonlinearity, respectively. The function I(t), is defined as 
f0 t I ( t ) - -  k(t - s)r(s)ds, t>~O. (3) 
I(t) is assumed to exist and can be shown, under the given conditions, to be increasing. With regard 
to the kernel, integrable singularities are allowed. The constant value x is defined as 
f K =-- dz/9(z), (4) 
where h0 is the positive lower bound on the given increasing function h(t). Noting from (1) that 
the potential for blow-up rests on the competitive r lationship between the growing nonlinearity and 
the decreasing kernel, it is clear that mathematical results will be based on the relationship between 
I(t) and x defined here. 
In order to establish that solutions become unbounded in finite time, it is demonstrated that any 
continuous and differentiable solution must be positive and increasing. Next, contraction mapping 
arguments are used to show that a unique, bounded solution exists for a restricted range of the 
independent variable, t. The upper limit on this range serves as a lower limit for the critical time to 
blow-up, to. If blow-up is to occur, it must happen after this point. Next, a contradiction argument 
is used to show that a continuous olution fails to exist beyond a certain value of t. This value 
serves as the upper limit on the blow-up time. Altogether, these results suggest criteria under which 
the nonlinear VIE has a blow-up solution; that is, u( t )~ c~ as t---, tc < oo. 
It is straightforward to show that the solution u(t) to (1) is positive. With the additional condition 
that h(t) be increasing, it can be shown that the solution u(t) is increasing, although this is not 
necessary for the proof of existence of a blow-up solution. 
The lower bound on the occurrence of blow-up relies upon the existence of a unique, continuous 
and bounded solution, 
O<~u(t)<<.M<~, O<.t<~tL, (5) 
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for some appropriate choice of M. If tL is shown to be infinite, then there is no blow-up since a 
bounded solution exists for all time. If, however, the time tL is finite, it serves as a lower bound 
estimate for the critical time to blow-up, to. 
The determination of tL relies on the fulfillment of two conditions. First, the integral operator 
under consideration must map the space of continuous bounded solutions into itself. Second, under 
the appropriate norm (generally the sup-norm), the integral operator must be a contraction. Hence, 
for any two continuous functions u~, u2 satisfying (5) and for p < 1, 
IlZu  - Zu211 < pllUx - -  u2ll. 
The satisfaction of these two conditions determines the upper bound on the solution, M, plus the 
extent o which we are guaranteed a bounded solution, tL. 
In general, there exists a unique, continuous and bounded solution of (1) for any M <M*,  where 
M* is the smallest solution of 
M*/y[M*  + hoo] = 1/9t[M* + hal ,  (6) 
and ha  is the finite upper bound on the given function h(t). 
The upper bound on the occurrence of blow-up, tu < c~, relies upon the nonexistence of a contin- 
uous solution of (1) for all t >~ tv. In this part of the analysis, it is assumed that (1) has a continuous 
solution for 0 ~< t < tu and then a contradiction is found that restricts the value of tu. The analysis 
proceeds with the consideration of a comparison integral, 
/o' J ( t )  = k(tu - s)9[u(s) + h(s)] ds. 
It is clear that u( t )= Tu(t)>>.J(t). Differentiation, along with the fact the kernel is decreasing, yields 
a differential inequality 
J ' ( t )  >>-k(tu - t ) r ( t )9[ J ( t )  + h0], 
which can subsequently be integrated. The assumption of a continuous solution insures that J ( tu )< cx~ 
and it then follows that x >l( tu) .  If the increasing function I ( t )  is such that tu < c~ can be increased 
to some value where 
I ( tu)  = ~ - dz /9(z )<c~,  (7) 
then (1) cannot have a continuous olution for t ~> tu and our upper estimate for blow-up is conse- 
quently determined. If this is not possible, then an alternative method must be found for establishing 
solution blow-up. In the cases reported here, the nonlinearity is assumed to be such that (7) is sat- 
isfied. 
To conclude, if the M* defined by (6) and x defined by (4) are such that the values of M* /9[M*+ 
ha] and x<cx~ are both in the range of I ( t )  as defined in (3), then the unique, positive solution 
of (1) must cease to exist at some time t = to, where 
O<I -1(M* /9[M * + ha] )  --- tL ~<t~ <tu ---- i -1 ( /¢ )  < ~.  
From a physical perspective, (7) establishes that the sufficient condition for blow-up relies on a 
balance between the diffusion ability of the combustible material and a measure of the reciprocal 
strength of the nonlinearity. 
C.A. Roberts~Journal of Computational and Applied Mathematics 97 (1998) 153-166 157 
There is interest in determining the leading order growth behavior of the blow-up solution in the 
key limit as t ~ to. This information gives insight into how various nonlinearities and kernels affect 
the growth rate for the solution. Moreover, in applications where there might be an interest o speed 
up or to delay the onset of explosion, this information can inform us as to what is necessary to 
accomplish this end. 
The leading order growth behavior of the solution can be established by seeking a self-consistent 
asymptotic balance for (1). This has been done in explosion problems for certain nonlinearities 
using techniques based on [4]. That analysis relied on converting the Volterra integral to one in the 
complex plane by use of the Parseval formula for Mellin transforms. The dominant contributions to
the integral could then be determined. Although individual equations have been addressed in many 
of the referenced papers, the overall theory is described in [38, 39, 41]. This technique has also 
been successfully modified for application to quenching problems in [11, 35]. 
4. Connection to partial differential equations 
The literature xamining blow-up solutions for nonlinear partial differential equations (PDEs) can 
be traced back to [20] in 1963 and [14] in 1966. A comprehensive r view of the work through 
1990 can be found in [25]. 
Nonlinear parabolic PDEs are used to model various combustion processes. In the context of 
seeking the possibility of the existence of blow-up solutions, two different ways to connect PDEs to 
VIEs will be outlined here. The first approach involves using a perturbation method and the second 
is restricted to a particular type of nonlinearity. 
The first approach treats the typical combustion scenario where the nonlinearity appears in the 
source term as an exponential function representing an approximation to an Nth-order Arrhenius- 
type reaction. Occasionally, a power-law nonlinearity appears instead. By the use of perturbation 
methods in the limit of large activation energy, these PDE models lead to integral equations of the 
type under consideration here. In general, the integral equation solution represents he leading order 
perturbation of the surface temperature above an inert level while the transition stage of ignition 
is in progress. When the solution of the integral equation becomes unbounded, this corresponds to 
ignition in the physical system. Although some asymptotic and numerical analysis was conducted 
on such VIEs in [19, 28], the first analytical results for this class of nonlinear VIEs were reported 
in [30]. Integral equations derived in this way were also examined in [21-24]. A similar approach 
can be used when the nonlinearity is applied to the boundary, as well. 
In the second approach, the nonlinear VIEs have strong links to a different class of nonlinear 
partial differential equations about which little was previously known. Until quite recently, in the 
theory of PDEs, nonlinear source terms with a spatial dependence had to be both smooth and well 
behaved in order for the standard body of results on blow-up solutions to apply [25]. A few blow-up 
results for a class of diffusion PDEs with localized nonlinear eactions have been reported recently 
where the analysis has been conducted irectly on the PDEs [8, 9]. Otherwise, much of what is 
now known about PDEs in this class is based upon the results of analysis on related VIEs. 
In this approach, an integral equation is derived that represents he temperature evolution at one 
spatial point in the combustible material. These PDEs have nonlinear source terms with strongly 
localized spatial properties. In general, the PDE has a nonlinearity F[v(x, t),x] whose explicit spatial 
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dependence is modelled by a Dirac-delta distribution. Nonlinearities of this type arise in applications 
where a large amount of energy is input to a very confined area of the domain. This would be found, 
for example, in a model for heating a combustible material via a thin wire. Such nonlinearities model 
interesting physical situations that have only recently begun to be explored. The special nature of 
the nonlinearity suggests that an integral equation formulation is an appropriate choice for analysis. 
The analysis of the PDE is therefore conducted via conversion to a nonlinear VIE valid only at the 
point location of the spatial localization. Results for such VIEs contribute directly to the literature 
on blow-up solutions for nonlinear PDEs and expand upon the types of nonlinearities that can be 
treated. This has been the motivating scenario for the VIEs examined in [15, 33-36, 40]. 
In general, the template for the PDE problems under consideration is for solutions v(x, t) of 
Lv(x, t )=F[v(x, t ) ,x] ,  xEt2,  (8) 
where the linear operator L can be parabolic or hyperbolic and the problem is well-posed in the 
sense that it has the appropriate initial and boundary conditions. The boundary conditions, which 
can be of Dirichlet, Neumaun or Robin type, need not be zero. Indeed, explosion solutions arise 
from certain linear PDEs where the nonlinearity, F, is located instead on one of the boundaries. 
When F[v(x,t),x] is in the PDE, typical forms might be 6(x)e v{x't) or 6(x)[v(x,t)] p for p> 1. 
To convert the PDE into a corresponding VIE, (8) is solved using the fundamental Green's 
function. The form of the solution involves an integration i  time along with an integration i  space. 
Next, the sifting property of the distribution function removes the integration in space. Attention is 
focused at the location of the spatially localized source function and the resulting integral equation 
is now only a function of time. The nonlinear VIE is in the class of (1). For the heat equation, it 
represents some measure of the temperature as a function of time at that one particular location in 
space. 
To illustrate, a one-dimensional version of such a problem with a solution v(x, t) has the form 
vt=Vxx+26(x)g[v(x,t)] ,  - c~<x<c~,  t>0,  (9) 
v(+cc, t) = 0, v(x, O) = vo(x). 
The nonlinear source term has a strongly singular explicit spatial dependence in the form of the 
delta function. Although variations dependent upon the specific physical scenario under consideration 
arise, two typical forms for the nonlinearity g are based on a power-law or an Arrhenius exponential 
model. Solution of this parabolic PDE using the fundamental Green's function can utilize the sifting 
property of the distribution function. Focusing attention at the origin x = 0 reduces the nonlinear 
parabolic PDE to the consideration of the nonlinear VIE 
u(t) : fot g[u(s)+ h(s)] ds, t>~0, 
where 
/5 v(O, t) - u(t) = h(t) - (rot) -1/2 e-X2/4tvo(x) dx. 
Similar techniques are employed to convert more complicated nonlinear PDE problems into re- 
lated nonlinear VIE problems. Integral equations derived from a hyperbolic PDE with a similar 
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delta-function nonlinearity have been studied [15] and are of continued interest. In addition, more 
complicated and subtle problems have been considered whose analysis results in a system of non- 
linear VIEs [34, 37]. 
Since the kernel of the integral equation involves the Green's function for the linear PDE operator, 
its form depends on the nature of the operator (parabolic, hyperbolic, etc.). For the analytical results 
to hold, the kernel must satisfy the properties that it be continuously differentiable ( xcept, perhaps, 
at the endpoints), nonnegative and decreasing. If this is not the case, modifications in the analysis 
are necessary. For blow-up problems, the nonlinear function g[v(x, t)] in (9) must satisfy the same 
criteria as the nonlinearity in (1). 
5. Survey of results 
A systematic mathematical nalysis of VIEs arising out of explosion phenomena was reported 
in [30], although there had been active research in explosion phenomena for PDEs for some years 
[14, 25]. Before codification of the theory as described in Section 3, which appeared in [40], 
individual integral equations were examined by Olmstead and Lasseigne [21-24, 30]. Olmstead and 
Roberts continued broadening the analysis while considering new integral equations in [33, 34, 36]. 
Each of these problems was motivated by a one-dimensional onlinear parabolic PDE modeling the 
temperature of a combustible solid. 
In [37], Olmstead, Roberts and Deng treated a system of nonlinear Volterra integral equations. 
Investigations of the growth behavior of the solution for various nonlinearities and kernels are 
reported in [38, 39, 41]. Most recently, the analytical techniques have been modified for use in 
quenching problems (see below) in [11, 35] and in problems based on hyperbolic partial differential 
equations [15]. 
As described in Section 4, these integral equations initially arose in examinations of solid fuel 
combustion with large activation energy. Various things influence whether or not a combustible solid 
does, indeed, ignite. It will ignite whenever there is enough reactant, when the reaction is sufficiently 
exothermic and/or when the intensity and duration of any heating source (external or internal) is 
adequate. Initially, perturbation analysis of these PDE models in certain limits (e.g. large activation 
energy) lead to integral equations of the type under consideration here. In those cases, the equation 
represented the leading-order perturbation of the surface temperature. Alternatively, when the source 
term in the PDE was highly spatially localized, the integral equation represented the temperature 
evolution at one point in the combustible material. 
In [30], the leading-order perturbation of temperature for the heat equation was governed by a 
nonlinear integral equation of the form 
f t  eU(S)+S 
u(t) = -o~ ~ d s '  t>~-oo. (10) 
Having rederived the integral equation from [19, 28], Olmstead's investigation focused on issues of 
existence and uniqueness. He found that existence of a unique, continuous and bounded solution 
could only be guaranteed for a finite length of time and, upon further analysis, determined criteria for 
the existence of an unbounded solution. He also investigated the leading-order asymptotic behavior 
of this blow-up solution, basing his analysis on some earlier results in [4, 31, 32]. He determined 
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that the exponential nonlinearity resulted in a logarithmic blow-up solution. Important consequences 
of this analysis were the increased understanding of the mechanism of combustion and of how 
ignition can be controlled. 
Olmstead continued to look at a number of related equations. In [21], he and Lasseigne inves- 
tigated the influence of convection heating on the ignition of a combustible solid. The goal was 
to modify the analysis in [30] to treat certain extreme values of the convection coefficient and the 
external temperature and to see how these affect the critical time to ignition. The governing integral 
equation in this paper was also (10). 
In [22], these same authors considered the ignition of a combustible solid with reactant con- 
sumption. Large activation energy perturbation theory was again employed, this time yielding a new 
integral equation governing the temperature evolution ear ignition. Analysis of this VIE established 
a criterion for nonignition due to excessive consumption of the reactant. This new integral equation 
was of the form 
f t  e~)+s F (A fs  ) u(t)= -oo ~ \ J-~eU(~)+~ddP s, t>~-ec,  
where F is a decreasing function and the parameter 2/>0 includes the influence of both inert 
heating and the exothermicity of the reaction. From a physical viewpoint, it is convenient to think 
of 2 << 1 as a hot reaction with sufficient reactant, and 2 >> 1 as either a cool reaction or one with 
insufficient reactant. The limiting case of 2 = 0 corresponds to (10). Again, criteria for existence 
and nonexistence of a solution were found and, for various critical values of 2, the blow-up time 
was estimated numerically using standard methods. 
In [23], Lasseigne and Olmstead considered the effect of perturbed heating on the ignition of a 
combustible solid. The investigation focused on the situation when external heating of a combustible 
solid was subjected to a small decrease. The VIE derived related the heating perturbation to the 
natural tendency toward thermal runaway. An analysis of the equation lead to conditions under 
which ignition either always occurs, never occurs, or can be delayed. The form of the integral 
equation in [23] was of the form 
t eU(S)+s-F(s) 
u(t) = 2 -oo ~ ds' t ) -oo ,  
where F is a measure of the perturbation effect on the external surface heating. The results state 
conditions on F that establish when blow-up for u(t) will or will not occur. In addition, there is a 
condition stated to delay the onset of ignition for a specified length of time. 
In [24], the same authors examined the effect of marginal heating on the ignition of a combustible 
solid. Here, the possibility of achieving ignition when the external heating barely raises the temper- 
ature to a level where reaction can occur was investigated. Ignition or nonignition were shown to 
depend upon the value of a parameter measuring the duration of time spent near this crucial level 
of minimal heating. The governing integral equation took the form 
f 
t eU(S)-S 2 
u( t )=2 ,/=zT______~ds, t~>-ec, 2>_-0. 
- -OO v~t~ - ~ . ) 
This paper included a nice comparison of the analytical lower and upper bounds for the blow-up 
time and numerical estimates of the blow-up time for various parameter values. 
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The basic results reported in Section 2 are from [40]. As outlined above, the results established 
criteria involving the kernel and the nonlinearitiy for the solution to experience blow-up. Supporting 
examples from solid combustion and shear band formation were provided. Although this paper 
focused on the results for the VIE, it was the first paper to suggest he connection to PDEs with 
spatially concentrated nonlinear source terms. A one-dimensional version of such a parabolic problem 
was presented on an infinite domain; see (9) and the equations that follow. 
Additional papers have considered VIEs based upon PDE problems with concentrated nonlinear 
source terms. In [36], the PDE problem was defined on a finite domain with either Dirichlet or 
Neumann boundary conditions. It was found that blow-up always occurs for the Neumann problem, 
whereas for the Dirichlet problem it depends upon the length of the strip and the proximity of the 
source site to the boundary. For the situations in which blow-up does occur, the growth rate was 
determined for some nonlinearities. 
In [37], a pair of coupled nonlinear VIEs were examined for possible blow-up solutions. The 
system was motivated by certain models of explosion phenomena in a diffusive medium. Criteria 
for blow-up, as well as bounds on the time of its occurrence were derived for a general class 
of nonlinearities. Specific results were obtained for two special cases involving power law and 
exponential nonlinearities. Also, the asymptotic growth rate near blow-up was determined for these 
two special cases when the kernel behaves like that of the one-dimensional heat equation. The 
analysis here was a natural extension of the basic results outlined in Section 3. 
The recent interest in nonlinear PDEs with local and nonlocal features [8, 12] lead to the con- 
sideration of the one-dimensional heat equation with a nonlinear source that combines local and 
nonlocal features in [34]. The problem was treated for both Neumann and Dirichlet-type boundary 
conditions on a finite domain. The investigation was carried out by converting the parabolic initial 
boundary value problem into a pair of nonlinear Volterra integral equations. This system provided 
a description of the coupled relationship between the local and nonlocal effects. Existence as well 
as nonexistence for the solution of this system of nonlinear VIEs was investigated. Blow-up was 
shown always to occur for the Neumann problem, whereas for the Dirichlet problem, blow-up de- 
pended upon the magnitude of certain parameters. An example involving a power-law nonlinearity 
is worked out that included an asymptotic analysis to determine the growth rate near blow-up. 
In [29], Mydlarczyk studied the existence of finite time blow-up for the equation 
u(t) = ~ot(t - s)~-IG(u(s)) ds, 
where ~ > 0, t ~> 0, where G is continuous and nondecreasing. Some estimates of u' and the interval 
of the existence of a nontrivial solution u were established. 
In [7], Bushell and Okrasinski extend the work in [29] when they examined a VIE of the form 
/o t u(t)= f ( t )+ k(t-s)G(u(s))ds, t>~O. 
The authors assumed the kernel k is nonnegative, monotone and absolutely continuous uch that 
Jo' k(s)ds >0 for t>0.  The function f~>0 is nonnegative, nondecreasing and continuous. The non- 
linearity G is nondecreasing, absolutely continuous and G > 0 for u > 0. Cases such as f = 0 and 
G(0) = 0 are permitted in their analysis. The authors present necessary and sufficient conditions, 
in the form of requiring convergence for some integrals, for blow-up. These conditions are then 
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shown to apply to equations uch as (1). In certain cases, the conditions tated are shown to be 
both necessary and sufficient. 
When a nonlinear VIE is known to have a blow-up solution, it is natural to be curious about the 
nature of that growth for various nonlinearities. This type of information can provide insight into how 
to control or delay the onset of ignition. In [38, 39, 41], results for VIEs of class (1) are established. 
The basic results provide the asymptotic form of the blow-up solution for various nonlinearities based 
on examples from solid combustion. By reformulating the integral equation, advantage can be taken 
of certain techniques developed in [4] and used in [31, 32] for the asymptotic evaluation of the 
solution in the key limit as t--. tc < c~. This method examines nonlinearities in (1) that have the 
asymptotic form 
g(u) ~ Urn(log U) -n exp u p, u --* oo, 
for various parameter ranges for m, n, p>~ 0. The analysis first transforms the integral equation into 
a form where the Parseval formula for MeUin transforms can be utilized. The leading-order con- 
tributions to the resulting asymptotic integral equation can be found. Although there are additional 
nonlinearities of interest from physical models, the analysis does provide powerful insight into the 
leading-order behavior of the growth solutions for a wide class of nonlinearities. 
6. Quenching 
The phenomenon of quenching has certain intrinsic mathematical similarities to that of blow- 
up. Unlike explosion problems, where the solution becomes unbounded, in quenching problems the 
solution remains bounded. Instead, the first-order time derivative becomes unbounded and blows-up 
in finite time. 
As in the case with explosion, there is a significant body of literature xamining quenching 
phenomena for nonlinear parabolic PDEs. For surveys of this work, see [26, 27]. Nonlinearities of 
exponential nd power-law type, as mentioned in the example Section 4, are used frequently. 
To date, two quenching problems are known to have been investigated in the context of nonlinear 
VIEs [11, 35]. 
In [11], the nonlinearity was spatially concentrated at a location within a finite domain. Criteria 
for global existence and finite time quenching of the solution were established. The growth rate 
and an estimate on the quenching time were also given for a certain class of nonlinearities. The 
semilinear heat equation motivating that investigation is
vt=Vxx+et$(x -a ) f (v ) ,  0<x<l ,  t>0, 0<a<l ,  
subject o the initial and boundary (Dirichlet or Neumann-type) conditions 
v(x,O) = O, O~<x~l, 
v(x,t )=O or Vx(X,t)=O, x=O, 1, t>O. 
The parameter  is positive and the function f (v )  satisfies f(v)>O, f '(v)>O, f"(v)>O for v>~O 
and possesses a singularity at c > O; i.e. 
lim f (v )  = +oo. 
V----~ C - -  
C.A. Rober ts~Journa l  o f  Computat ional  and Appl ied Mathemat ics  97 (1998)  153-166 163 
This was the first time in the literature on PDEs that such a concentrated nonlinearity was treated 
in a quenching problem. 
The PDE is converted into a nonlinear VIE of the form 
f0 t u(t) = Tu(t ) - -e  k ( t - s ) f (u (s ) )ds ,  t>~O, 
where u(t )= v(a, t). The form of the kernel k( t -  s) depends upon the choice of boundary conditions. 
It is shown that for the Dirichlet kernel, there is a critical value e* such that if e ~< e* then every 
solution is global and uniformly bounded away from c, whereas if e > e*, then quenching occurs in 
finite time. It is also shown that for the Neumann kernel, the solution quenches in finite time for 
every e > 0. 
In [35], the nonlinear source term had a singular part governed by a nonlocal effect. Sufficient 
conditions were derived for both quenching and nonquenching behavior. For the quenching case, 
the growth rate of the norm was determined. In this case, the motivating PDE was of the form 
vt=Vx~+e[1-u( t ) ]  -a, O<x<l ,  t>O, e,a>O, (11) 
where 
f0 
1 
u(t)~ Iv(x,t)ldx. 
The initial condition and the Dirichlet boundary condition were 
v(x,O)=vo(x),  O~<vo(x)~<l-6, 0<~<1 
v(O,t)=O, v(1,t)=O, t>O. 
It is believed that this was the first time that consideration of nonlocal effects in the singular part 
of the nonlinear source term was examined for a quenching problem. This novel form suggested a 
slight modification for the notion of quenching. Specifically, the nonnegative solution v(x, t) quenches 
whenever there exists a tc < c¢ such that 
lim u( t ) = 1 < c~, lim u' ( t ) = o¢, 0 < x < 1. 
t ---~ tc t--* t e 
Nonquenching is demonstrated via a contraction mapping argument. It can be shown that (11) has 
a continuously differentiable solution for all t i> 0 for 
12( a6 ~a+~ 
e< a \a+ lfl " 
A sufficient condition for quenching is shown to be 
12 
a+l '  
provided that (7) can be satisfied for some tu < oo. 
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7. Open problems 
Because of the strong connections between this class of nonlinear VIEs and parabolic PDEs with 
concentrated nonlinear sources, it is worth noting that explosion and quenching problems for PDEs 
are still under active investigation. 
Aside from examining nonlinear VIEs on their own terms, new areas of study include looking at 
nonlinear PDEs of parabolic or hyperbolic type for blow-up solutions. For example, there has been 
modest progress examining hyperbolic PDEs for blow-up solutions [1, 16, 25]. A one-dimensional 
hyperbolic IVP with a concentrated nonlinear source term was shown to exhibit a blow-up solution 
in [15]. Countless variations on this problem remain open to investigation. 
In addition, one could pose interesting problems involving semilinear equations or ones involving 
different operators uch as the Helmholz operator. Similar extensions exist for characterizing the 
phenomenon of quenching solutions in the context of these various types of nonlinear PDEs. In 
each case listed here, the relevent connection to nonlinear VIEs with blow-up solutions relies upon 
casting the associated PDE in a manner consistent with that described in Section 4. 
Much of the work reported here was on VIEs derived from one-dimensional PDE models; clearly 
higher-dimensional problems would be of interest. In the case of spatially localized nonlinearities, 
this work would involve consideration of the multi-dimensional distribution function. 
There is enormous interest in examining the solutions of integro-differential equations. The theory 
of blow-up for such equations was developed by [3] using a convexity method ue to [20]. Another 
integro-differential eqaution with blow-up solution was examined analytically by [10]. In addition, 
[5] has conducted some numerical investigations into this class of problems. There is still, however, 
much work to be done in this area. 
In addition to establishing conditions for a temporal singularity (e.g. blow-up at a finite time), it 
would be useful to establish spatially where the solution singularities occur - -  at a single point, in 
a finite region, or everywhere in the spatial domain. A full understanding of the implications of a 
temporal singularity on the spatial nature of the problem is important in applications. Since localized 
nonlinearities in the PDEs lead to integral equations describing the solution at only one point in 
the domain, it is necessary to back up a step in the formulation of the Volterra equation in order 
to consider the spatially dependent solution. Some insights can be gained from existing results for 
PDE problems in order to devise methods to investigate the spatial nature of the blow-up set for 
Volterra equations [6, 13, 17-19, 25]. 
The asymptotic analysis outlined above for determining the leading order growth properties of the 
blow-up solutions for various nonlinear VIEs is limited in the sense that it can only treat a restricted 
range of parameter valued m, n, p. It is of great interest o develop new analytical techniques for 
establishing the growth rate properties of solutions for a more complete class of nonlinearities. 
In addition, asymptotic analysis to date has determined the nonlinearities that lead to power and 
logarithmic-type blow-up; it would be useful to characterize the nonlinearities that lead to exponential 
solution blow-up. 
An analytical tool that is used frequently in the theory of explosion solutions for nonlinear PDEs 
involves finding a comparison problem. This comparison problem must be shown to have a blow- 
up solution and to be a lower bound on the solution to the problem under investigation. Finding 
comparison problems for nonlinear VIEs poses a particularly difficult challenge and is an area open 
for investigation. 
CA. Roberts~Journal of Computational nd Applied Mathematics 97 (1998) 153-166 165 
Acknowledgements 
The author would like to thank W.E. Olmstead for his significant contributions to this research 
and, on a personal note, for his guidance and mentorship. 
References 
[1] S. Alinhac, Blowup for nonlinear hyperbolic equations, Progress in Nonlinear Differential Equations and their 
Applications, Vol. 17, Birkh~iuser, Basel, 1995. 
[2] C. Bandle, H. Brunner, Numerical analysis of semilinear parabolic problems with blow-up solutions, Rev. Real Acad. 
Cienc. Fis. Natur. Madrid 88 (1994) 203-222. 
[3] H. Bellout, Blow-up of solutions of parabolic equations with nonlinear memory, J. Diff. Eqns. 70 (1987) 42-68. 
[4] N. Bleistein, R.A. Handelsman, Asymptotic Expansion of Integrals, Holt, Rinehardt and Winston, New York, 1975. 
[5] H. Brurmer, Numerical blow-up in Volterra integral and integro-differential equations, SIAM Annual Meeting, 
Charlotte, NC, 1995. 
[6] A. Boumenir, Study of the blow-up set by transformation, J. Math. Anal. Appl. 201 (1996) 697-714. 
[7] P.J. Bushell, W. Okrasinski, On the maximal interval of existence for solutions to some non-linear Volterra integral 
equations with convolution kernel, Bull. London Math. Soc. 28 (1996) 59-65. 
[8] J.M. Chadam, A. Peirce, H.-M. Yin, The blowup property of solutions to some diffusion equations with localized 
nonlinear eactions, J. Math. Anal. Appl. 169 (1992) 313-328. 
[9] J.M. Chadam, H.-M. Yin, A diffusion equation with localized chemical reactions, Proc. Edin. Math. Soc. 37 (1993) 
101-118. 
[10] S. Cui, Y. Ma, Blow-up solutions and global solutions for a class of semilinear integro-differential equations, Math. 
Appl. 6 (1993) 531-546. 
[11] K. Deng, C.A. Roberts, Quenching for a diffusive equation with a concentrated singularity, Diff. Int. Eqn. 10 (1997) 
369-379. 
[12] K. Deng, Dynamical behavior of solutions of a semilinear heat equation with nonlocal singularity, SIAM J. Math. 
Anal. 26 (1995) 98-111. 
[13] S.N. Dimova, M.S. Kaschiev, M.G. Koleva, D.P. Vasileva, Numerical analysis of the blow-up regimes of combustion 
of two-component onlinear heat-conducting medium, Comput. Math. Phys. 35 (1995) 303-319. 
[14] H. Fujita, On the blowing up of solutions to the Cauchy problem for ut = Au  + u TM, J. Fac. Scie. Univ. Tokyo 13 
(1966) 109-124. 
[15] K. Fuller, C.A. Roberts, Blow-up solutions for the wave equation with a concentrated singularity, in preparation. 
[16] R.T. Glassey, Finite-time blow-up for solutions of nonlinear wave equations, Math. Z. 177 (1982) 323-340. 
[17] J.L. Gomez, V. Marquez, N. Wolanski, Blow-up results and localizations of blow-up points for the heat equation 
with a nonlinear boundary condition, J. Diff. Eqns. 92 (1991) 384-401. 
[18] B. Hu, H.-M. Yin, The profile near blow-up time for solution of the heat equation with a nonlinear boundary 
condition, Inst. Math. Appl. Univ. Minnesota, 1116 (1993). 
[19] A.K. Kapila, Evolution of deflagration in a cold combustive subjected to a uniform energy flux, Int. J. Engng. Sci. 
43 (1981) 495-509. 
[20] S. Kaplan, On growth of solutions of quasilinear parabolic equations, Comm. Pure Appl. Math. 16 (1963) 305-333. 
[21] D. Glenn Lasseigne, W.E. Olmstead, Ignition of a combustible solid by convection heating, J. Appl. Math. Phys. 
(ZAMP) 34 (1983) 886-898. 
[22] D. Glenn Lasseigne, W.E. Olmstead, Ignition of a combustible solid with reactant consumption, SIAM J. Appl. 
Math. 47 (1987) 332-342. 
[23] D. Glenn Lasseigne, W.E. Olmstead, The effect of perturbed heating on the ignition of a combustible solid, Int. 
J. Engng. Sci. 27 (1989) 1581-1587. 
[24] D. Glenn Lasseigne, W.E. Olmstead, Ignition or nonignition of a combustible solid with marginal heating, Quat. 
Appl. Math. 49 (1991) 303-312. 
[25] H.A. Levine, The role of critical exponents in blowup theorems, SIAM Rev. 32 (1990) 262-288. 
166 C.A. Roberts/Journal of Computational nd Applied Mathematics 97 (1998) 153-166 
[26] H.A. Levine, The phenomenon of quenching: A survey, in: Lakshmikantham (Ed.), Proc. 6th Internat. Conf. on 
Trends in Theory and Practice of Nonlinear Anal., North-Holland, New York, 1985, pp. 275-286. 
[27] H.A. Levine, Advances in quenching, in: Lloyd, Ni, Peletier, Serrin (Eds.), Progress in Nonlinear Differential 
Equations: Proc. Internat. Conf. on Reaction-Diffusion Eqns and their Equilibrium States, Birkhfiuser, Boston, 1992, 
pp. 319-346. 
[28] A. Linan, F.A. Williams, Theory of ignition of a reactive solid by a constant energy flux, Comb. Sci. Technol. 3 
(1971) 262-288. 
[29] W. Mydlarczyk, A condition for finite blow-up time for a Volterra integral equation, J. Math. Anal. Appl. 181 
(1994) 248-253. 
[30] W.E. Olmstead, Ignition of a combustible half space, SIAM J. Appl. Math. 43 (1983) 1-15. 
[31] W.E. Olmstead, R.A. Handelsman, Asymptotic solution to a class of nonlinear Volterra integral equations, SIAM 
J. Appl. Math. 22 (1971) 373-384. 
[32] W.E. Olmstead, R.A. Handelsman, Asymptotic solution to a class of nonlinear Volterra integral equations II, SIAM 
J. Appl. Math. 30 (1976) 180-189. 
[33] W.E. Olmstead, C.A. Roberts, The one-dimensional heat equation with a nonlocal initial condition, Appl. Math. Lett. 
10 (1997) 89-94. 
[34] W.E. Olmstead, C.A. Roberts, Explosion in a diffusive strip due to a source with local and nonlocal features, Math. 
Appl. Anal. 3 (1996) 345-357. 
[35] W.E. Olmstead, C.A. Roberts, Quenching for the heat equation with a nonlocal nonlinearity, in: Angell, Cook, 
Kleiuman, Olmstead (Eds.), Nonlinear Problems in Applied Mathematics SLAM, Philadelphia, 1995, pp. 199-205. 
[36] W.E. Olmstead, C.A. Roberts, Explosion in a diffusive strip due to a concentrated nonlinear source, Meth. Appl. 
Anal. 1 (1994)434-445. 
[37] W.E. Olmstead, C.A. Roberts, K. Deng, Coupled Volterra equations with blow-up solutions, J. Int. Eqns. Appl. 7 
(1995) 499-516. 
[38] C.A. Roberts, A method to determine growth rates of nonlinear Volterra equations, in: Corduneanu, Sandberg (Eds.), 
Volterra Equations and Applications, Gordon and Breach, UK, to appear. 
[39] C.A. Roberts, Characterizing the blow-up solutions for nonlinear Volterra integral equations, Nonlinear Anal. Theory 
Meth. Appl. 30 (1997) 923-933. 
[40] C.A. Roberts, D.G. Lasseigne, W.E. Olmstead, Volterra equations which model explosion in a diffusive medium, 
J. Int. Eqns. Appl. 5 (1993) 531-546. 
[41] C.A. Roberts, W.E. Olmstead, Growth rates for blow-up solutions of nonlinear Volterra equations, Quart. Appl. 
Math. 54 (1996) 153-159. 
